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ABSTRACT 

A new vector field is introduced into 2-form Einstein gravity in four dimensions 
to restore a large symmetry of its topological version. Two different expressions 
for the BRST charge are given in the system: one of them associated with a set of 
irreducible symmetries and the other with a set of on-shell reducible symmetries. 
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Several approaches have been developed in recent studies of quantum grav- 
ity to clarify its various aspects. Among them, an approach based on a class of 
topological quantum field theories, called topological gravity, is expected to elu- 
cidate the global (topological) aspects of gravity. In Ref.[l], Lee and the present 
authors proposed a topological version of four- dimensional Einstein gravity. This 
topological version is obtained by modifying an alternative formulation of gravity 
enlightened by Capovilla et al.[2], in which anti-self-dual 2-forms are used as fun- 
damental variables, instead of the metric. This formulation, which we call 2-form 
Einstein gravity, naturally leads to the canonical formalism discovered by Ashtekar 
[3]. Investigating the relation between 2-form Einstein gravity and its topological 
version, we found that, in the presence of a cosmological term, a unique quantum 
state in the latter turns out to be one of the physical states in the former, that is, 
one of the exact solutions of the Wheeler-DeWitt equation. 

The topological version is promoted back to Einstein gravity by adding a cer- 
tain term in the action and, due to the term, a large topological symmetry is 
partially broken leaving diffeomorphism and local-Lorentz symmetries. The situ- 
ation is similar to the one between the massless and massive U(l) gauge theories. 
As is well known, the gauge invariance of the former is explicitly broken by the 
mass term. We then encounter singularities in the zero-mass limit because there is 
no gauge prescription in the limiting action. To avoid the singularities, one needs 
the Stueckelberg field which restores the broken gauge invariance in the massive 
theory [4]. 

In this paper, we introduce a new vector field analogous to the Stueckelberg 
field into 2-form Einstein gravity to restore the large symmetry of its topological 
version. This new field will be useful for relating Einstein gravity to its topological 
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version, as the Stueckelberg field relates the massive U(l) gauge theory to the mass- 
less one. Symmetries of the system with the vector field are irreducible while those 
of the topological version of gravity are on-shell reducible. It is, however, possible 
to introduce an extra symmetry so that the system has an on-shell reducibility, 
which is a natural extension of the one in the topological gravity. We will show 
two different expressions for the BRST charge to develop the BRST quantization 
of the system with the vector field: one of them corresponds to the case with irre- 
ducible symmetries, and the other the case with on-shell reducible ones including 
the extra symmetry. These BRST charges are of different rank while belonging to 
the same theory. 

The action of (Euclidean) 2-form Einstein gravity is given in terms of 2-form 
S fc and SU(2) spin connection 1-form uj k in the presence of a cosmological constant 
A, 

S = J £ fc Ai4-A^ ASfc + | ^E fe A T} , (1) 

where Rk = duk + (u x u)k, ifikl is a symmetric trace-free Lagrange multiplier field, 
and a is a parameter. The SU(2) indices i,j,k,--- = 1,2,3, in the fundamental 

fields imply that they transform under the chiral local-Lorentz representation (1,0) 

tti 

of SU(2)xSU(2) [5]. In this formulation, the metric g^ v is defined as 

9*9^ = ^ ^ ■ (£/3 7 x H Sv ) , g = det(g^) . (2) 

Using this definition, we find that the action (1) is equivalent to the usual Einstein- 
Hilbert action [2,6]. 

1)1 We use the notation for the SU(2) indices, F ■ G = F l G l and (F x G) 1 = e iok F^G k , where 
Eijk is the structure constant of SU(2). 
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The topological version of the theory is obtained by simply dropping the last 
term in the action (1), that is, by setting a = [1]. In this case, a new symmetry 
generated by a parameter 1-form 9 k emerges in addition to diffeomorphism and 
the local-Lorentz (with 9q) symmetries, 

5u k = D6$ + ^-9 k , = 2(2 x 6 ) k + D9 k . (3) 

Here diffeomorphism with a vector field £^ is implicitly included in the above 
local-Lorentz and 0\- transformations as we can see by setting 9q = i v u) k and 
= 2^E^. With the appearance of the ^-symmetry, the theory turns out to 
be on-shell reducible in the sense that the transformation laws (3) are invariant, 
modulo the equations of motion, under 

59 k = -±e k , S9 k = De k . (4) 

This means that not all of the parameters in (3) are independent. 

From the view point of the topological version of gravity, one can see that 
the large ^-symmetry is partially broken in Einstein gravity leaving only diffeo- 
morphism and local-Lorentz symmetries intact and, as a result, the modes of the 
gravitational wave are induced. The obstruction for the f^-symmetry is the last 
term in the action (1), which is an analogue of the mass term in the U(l) gauge 
theory. We can restore the symmetry by introducing a Stueckelberg-type vector 
field (1-form) rj k in the last term as follows, 

This modification makes our new system invariant under the 6^"t rans f° rma ti° n in 
(3) with 8r) k = 9 k , together with diffeomorphism and the local-Lorentz transfor- 
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mation. They are all independent and hence there is no reducible structure in the 
system. But we can consider an extra symmetry generated by the transformation 
with a parameter Ao, 

5S fc = 2a((iP • S) x A ) fc , 5 V k = -DX k + |(r/ x \ ) k 
$4>ki = x A ) z + ^(X A ) fe , 

and 5uo k = 0. Under the transformations in (4) and 5\q = Cq, an on-shell re- 
ducibility appears also in this case, which is a natural extension of the one in the 
topological gravity. It is easily shown that the new system is equivalent to Einstein 
gravity by choosing the gauge condition, rj k = 0, for the ^-symmetry. The new 
system is, however, suitable for taking the a — > limit because it respects the large 
^-symmetry in the topological gravity. 

From now on, we move into the Hamiltonian formalism and investigate the 
BRST structure in the new system. The action (1) becomes in canonical form, 

S = J dt J d 3 x[u a -B a -uj - V -^ aQ -<p a - 2aij kl t k a0 Bf] , (7) 

where oo k and (B^) = e a6c X^ c (e a6c S^ c ) are the spatial components of the spin 
connection uj k and the 2- form S fc We solve the equation derived by varying 

(7) with respect to ip^i and regard it as five equations for nine £^ . The solution 
is expressed by using four arbitrary variables A^ a and N, 

= ~\ t ah c[N h Bi + N(B b x B c ) k ] - ht - (u x Va ) k + l -b a r% . (8) 



= -b\ k 



o > 



(6) 



■5 



Substituting this result for the canonical action (7), we get five sets of constraints: 



-D a B a k - 2( Va x V) fc » , £ k = D a ^ a k » 



A 



^ = 2(eX-/)-2M«0, (9) 
H a =\ e abc B b • (0 C + 2 V c ) « 0, H = \ e abc (B a x B h ) • (<f + 2 V) » . 

The fields are the conjugate momenta of the spatial components of rfc- The 
non-zero Poisson brackets among the constraints 0^, (f)^, and are given by 

{0[ gi )^[g 2 ]} = -2<p[( 9l x g 2 )\ , &[g]A a [h a ]} = -2^1(9 x fc ffl )] , 

A ( 10 ) 
{0[giS[f]} = -2S[(gxf)] , Wi],^]}=-^[(/ix/ 2 )] , 

where [gi] = / dPxg\(pk, $ a [h a ] = / (fixh^^., etc. Next we redefine the constraint 
# a as 

H a = 2tf a + cu a • y3 - % • £ - l -e ahc (B h - B h ) ■ <f . (11) 

The new constraint H a generates the spatial diffeomorphism. From (10) and (11), 
we can see that the Poisson algebra among 0k, £k, and H a is closed. But the 
following non-zero Poisson brackets with respect to the constraint Tt include fields 
in the structure functions and, therefore, make the whole algebra open: 

{£[f],H[N}} = -U a \t ahc N{f x (B b x [<f - AflC]))] , 

(12) 
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{H[N},H[M}} = n a [L a ] - 0[L a u a ]+S[L a n a ] + -<f\e ahc L\B c - B c )] , 

where L a = B a ■ B b (Mdi,N — Nd b M). All the constraints in the system are of 
first class. Among them, (p^ and 0^ are identified with the generators of the local- 
Lorentz and d\- transformations in (3) respectively. The constraint H generates 



temporal diffeomorphism while 7i a the spatial one. The remaining £ k corresponds 
to the generator of the extra symmetry given in (6) and therefore depends on the 
other constraints. Precisely it reads 

D a j> a k -^<p k + 2£ k = . (13) 

We can regard 2-form Einstein gravity with the 77^ field as either a system with four 
sets of irreducible constraints, or a system with five sets of on-shell reducible ones 
when including the extra symmetry. In each of the cases, we give the nilpotent 
BRST charge by using the formalism by Batalin, Fradkin and Vilkovisky (BFV) 
[7,8]. In the following, we use the convention in [8]. 

Firstly we consider the irreducible case without the constraint £ k . We have 
to associate the conjugate pairs of the anti-commuting ghosts (C\Pi), (C^,Pf), 
(t, a ,^Pa), and (£,^P) to the constraints (</?&, 4> k , Ha, 7~t) respectively. The ghost 
number of the ghosts C, £ (the conjugate momenta P) is 1(— 1). Using these fields, 
the BRST charge is constructed as follows, 



Q I = g I + c I + J d 3 x{c a 4 a + zn-td b zB a -B b \^v a -u a -v 

+ Va ■ (±P ~ \d c P c ) + \e acd (B c - B c ) ■ P d }} , 



(14) 



where 



Qi = J d 3 x[C ■ <p - (C x C) ■ P - 2(C x C ) • P a ] , 

C T EE J d 3 x[CHa + Cda^ + C^P + C^C ■ P + C^C a ■ P a \ . 



(15) 



In the Lie derivative of anti-commuting fields in (15), the ghosts £ a are defined 
to be placed in front of the fields. The term Qi generates the BRST version of the 



local-Lorentz transformation while Cj the BRST version of spatial diffeomorphism. 
The rank of the BRST charge is one. 

Next we give the BRST charge in the case with on-shell reducible constraints 
(<Pk, 4>%,£k-> 7~ia, 7~t)- Here we also introduce the conjugate pairs of the anti-commuting| 
ghosts { n C l , r] Pi) for the constraint and the commuting 'ghosts for ghosts' 
((i)C*, Mpi). The ghost number of these fields is gh(^C\ "Pi, WC\ WP;) = (1, -1, 2, -2) J 
In this case, the BRST charge is given by 

Qii = Qii + Cii + J d s x{C a ■ a + ■ 8 + &i - x "C) • ^P 

- \e a UW x (<P b ~ ^B b )) + x (*C x P h ))] ■ ("C x V c ) 

(16) 

- ^ B a ■ B b [Zp a -u a -P + r 1a ^P+ -e acd (B c - B c ) ■ P d - %C a ■ &P] 
+ i^C-(D a P a -^P + 2 ri P)} , 



where 



On = Qi- J d 3 x[2(C x "C) • V P + 2(C x «C) ■ {1) P] 
C n = d + J d 3 x[C^C ■ r 'P + C^C ■ Mp] , 



(17) 



and B% = B%- {^C x V a ) k . The rank of this Q n is three. Both the BRST 
charges in (14) and (16) satisfy the nilpotency condition {Q, Q} = and are 
real, anti-commuting and gh(Q) = 1. The reducibility of constraints has made the 
expression for Qn in (16) somewhat complicated. But we can choose another set of 
constraints with off-shell reducibility in our same system so that the corresponding 
BRST charge has the rank one [9]. 

To summarize, we have introduced the vector field r/ k into 2-form Einstein grav- 
ity in four dimensions to restore the large symmetry of its topological version. In 



the new system, we have obtained two different expressions for the BRST charge: 
one of them (Qi) for irreducible symmetries and the other (Qn) for on-shell re- 
ducible ones. The latter Qjj will be useful for our approach to gravity from its 
topological version in quantum theory [9]. 

We are grateful to Dr. S. Yahikozawa for important suggestions and discus- 
sions. We would like to thank Professor A. Hosoya for careful reading of the 
manuscript. 
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